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In mountain regions intermittent surges of debris flows are frequently observed. This type of flow is considered 
to be characterized by a wide range of sediment concentrations and by developing roll waves (surges) due to 
flow instabilities. For a better understanding of fluctuation of the flow depth, wave equations are needed. Here 
we present a new model predicting the shape of roll waves based on shallow water equations and a perturbation 
model. We successfully test model performance with experiments in a 56 m long flume as well as with natural 
debris flows observed at the Lattenbach-creek in Austria. Our results aim to contribute to an improved 
understanding of the roll wave phenomena in geophysical flows.  
 
Key words: wave equation, debris flow, intermittent surges, roll wave, experiment, observation 

 
 
1.  INTRODUCTION 
 

Debris flows constitute a major threat for 
settlements and infrastructure in mountain regions. 
Compared to other torrential processes like (flash) 
floods and bedload transport, debris flows are 
characterized by a high concentration of sediment 
and a distinct front, rising quickly to a peak of short 
duration and a gentler falling limb. Mostly the peak 
flow depth is several times larger than the peak flow 
depth in a “normal” flood event.  

Often a debris flow event comprises several surges 
or also termed roll waves (e.g. Suwa 1989, Marchi et 
al. 2002, Pierson 1986). The occurrence of these 
surges is thought to be connected to hydraulic 
instabilities, particle segregation leading to local 
accumulation of sediment (Iverson et al. 2010), or 
probably discrete sediment input from the side 
slopes. Hydraulic criteria for the onset of roll waves 
can be found in Zanuttigh & Lamberti (2007), Ng & 
Mei (1994), or Arai et al. (2013). Fewer works was 
done on theoretical predictions of other important 
parameters like wave length, wave height or celerity.  

For debris flow hazard assessment the formation 
and the shape of surges are rarely taken into account 
due to the lack of a methodological framework. In 
this contribution we present a new theoretical 
formulation of a wave equation for grain-fluid flows. 

The predictions of this equation are then compared 
with scaled experiments in the laboratory and with 
field observations in Austria. 
 
2. BASIC EQUATIONS 
 

To derive a shallow water wave equation, the flow 
is assumed incompressible and non-rotational, thus 
divv 0 and rotv 0 . The potential function ϕ	 
is defined in flow direction x and flow depth takes the 
direction y. Consequently the Laplace equation is 
given with  

0	.                           (1) 

Using a non-slip boundary condition at the bottom  

0  ( , : mean depth).     (2) 

The variance of flow surface from mean depth is 
defined as η(x, t), and so the conservation condition 
is satisfied with following equation, that is, the 
displacement of water surface and the potential is 
same. 

0.                    (3) 

The momentum equation for shallow water with 
fluctuation of water surface is given with 

1   

	 sin cos     (4) 
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where t : time, u : mean velocity of x direction, A : 
cross-sectional flow area, g : acceleration due to 
gravity, θ	: slope angle of the channel, R : hydraulic 
radius, h : depth of flow, f' : friction factor, and : 
momentum correction factor. 
 

 
Fig. 1 Coordinate system 

 
Considering a flow in a rectangular straight 

channel, where the width B is very large compared to 
the flow depth, the hydraulic radius ≪ , 
momentum correction factor 1  and friction 
factor f' is constant over mean depth .  Using the 
relationship of friction factor 2⁄ 	 ∗⁄  and 
Hazen-Williams coefficient ∗⁄  and 
Dressler’s (1945) approach for roll waves, the third 
term on the right side in equation (4) is ∗⁄ , 
and equation (4) can be expressed as 

sin cos ∗ 0   (5) 

Using velocity potential function , equation (5) is 

sin cos

∗ 0.                               

Integrating the equation over x with setting the 
integration constant to 0, the momentum equation is 
expressed as 

g sin cos ∗ 0 

(6) 
 
3. NON-DIMENSIONAL EQUATIONS 
 

The non-dimensional parameters are defined as, 
 

, ,

, ,

, , ,

, , , ,

, ,

        (7) 

where  : a dimensional parameter of velocity 
and the parameters of the Gardner-Morikawa (G-M) 

transformation, 

,
                       (8) 

are expressed non-dimensional parameters by 
⁄  and ⁄  as 

                         (9) 

Then, the basic equations (1), (2), (3) and (6) are 
expressed on non-dimensional equations as  

0,                         (10) 

0  ( 1),                     (11) 

0,                 (12) 

tan 1

tan 0,                        (13) 

where cos , , . (14) 

 
4. WAVE EQUATION  
 

Non-dimensional parameters  and  are 
expressed by the perturbative expansion as 

, , ⋯,     (15) 

, , , , ⋯ , 

(16) 
where  

, , ⋯ ,

, , ⋯ ,
     (17) 

and the Taylor series expansion of  near 0 
is given by Boussinesq with 

, , , 0,
, ,

, ,
⋯.                    (18) 

Therefore, the perturbative expansions of non-
dimensional basic equations (10) ~  (13) are 
expressed as 

⋯ ⋯ 0   

                                    (19) 

⋯ 0 

(20) 
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Expressions on for the order of ϵ of equation (19) to 
(22) are, 
O  order: 

from 0
′2 tan ′

0
′2 0, 

tan ,                          (23) 

O ~  order: 

0,                         (24) 

0, 1 ,                 (25) 

0, 0 ,                  (26) 

tan 0
′

0
′

′ 1 0,          (27) 

O ~  order: 

0,                     (28) 

0,			 1 ,                   (29) 

0, 0 	, (30) 

0
′2 ′ 2

tan 0
′

0
′

′ 1
′ 1

′
′ 2 0,            (31) 

O ~  order: 

0,                     (32) 

0,			 1 ,                   (33) 

0, 0 	,         (34) 

0
′2 ′ 3

tan 0
′

0
′

′ 2
′ 1

′
′ 1

′ 2

′
′ 3 0.  (35) 

From equation (23) to (34) and by assuming a 
channel slope tan 1, a Froude number 1 

and a long wave condition, a wave equation for  
is obtained with 

tan

0,                  (36) 

where  is substituted for . 
The second term on the left side is non-linear, 

generating waves of various periods, the third term is 
a dissipation term which reducing high frequency 
waves and forth is a dispersion term which has a 
characteristic solution for KdV equation. 

A parameter  is a phase velocity of the wave 

and it is usually expressed by  to 
obtain a wave equation. In our case, using  

 yields  and ⁄
⁄ 1, and equation (36) is can be written with 

0.             (37) 
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5. ANALYTICAL AND NUMERICAL 
SOLUSION OF WAVE EQUATION 
 

To simplify the expression of the third term in 
equation (37), we substitute 

.                             (38) 

Equation (37) is then expressed as 

.                    (39) 

This equation is a Burgers-type equation. The 
solution of Burgers’ equation has been obtained on 
lots of kind cases theoretically. Using the parameter  

,  by Cole-Hopf transformation which is 

ln ,             (40) 

A non-linear partial differential equation (39) is 
transformed into a one dimensional linear heat 
equation 

.                            (41) 

In case of an initial condition of periodical 
rectangular wave, the boundary conditions of period 
T=2l is set to 

, 0
, 0

,                          (42) 

and an initial condition sets on a periodical 
rectangular wave with amplitude a and period 2l as 

, 0 0

, 0 0
.          (43) 

The initial condition is shown in Fig. 2. 
 
 
 
 
 
 
 
 
 
 
 
The boundary and initial conditions for -  axis 
are transferred to - z by a Cole-Hopf 
transformation and the solution of equation (41) with 
these boundary and initial conditions is solved by 
using Fourier series as follow. 
 

, 1 ∑

cos cos               (44) 

where 

,  √ .                    (45) 

Using Cole-Hopf inverse transformation for equation 

(44), the solution of equation (39) with conditions 
equation (42) and (43) is obtained as 

, ∑

cos sin 1

∑

cos cos .           (46) 

 
Fig. 3 shows an example of the final equation (46) in 
case of an amplitude 1, a period T=2 ( 1), 

2 , and r=5 (blue line), 15 (red line), and 30 
(brown line). 
 

 
When r in equation (38) and (45) is large, that is, 

when mean velocity  is large or channel slope is 
gentle, the flow surface shape becomes rather steep. 
On the contrary, when  is small, or the slope is 
large, the depth fluctuations are more rounded. 

Fig.4 shows an example of a non-periodical initial 
condition 

, 0                       (47) 

and a boundary condition 
, 3 , 3 .                    (48) 

We see that  is plotted on 0, 0.25, 0.5, 1 . 
The resulting shape of flow surface is sharp and peak 
transforms forward. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3 A numerical result of a solution 

 

Fig. 2 Initial condition 

 

Fig. 4 Surface deformation with time  
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6. ROLL WAVE EXPERIMENTS 
 

A suite of experiments have been conducted to 
compare with theoretical predictions for the roll wave 
shape. The length of flume is 56 m, the width 10 cm, 
the side walls 15 cm and slope angle 3 degree (Fig.5). 
Flow is steadily fed by a pump from the downstream 
tank. The depth fluctuation was obtained by high 
speed video recordings with 300 images per second 
over a duration of 120 seconds, located at 3m side 
view from terminal of channel. The analytical 
resolution of the depth was 0.021mm. 

Fig.6 exemplarily shows measured roll waves in 
clear water. In this experiment the discharge was 
1089 cm3/s, the cross-sectional mean velocity 101.5 
cm/s and the mean depth 1.07 cm. 
 
7. FIELD OBSERVATIONS  
 

For testing the derived equations we aim to 
compare the theoretical predictions with field data 
from a real debris flow event the Lattenbach-creek in 
Austria. The Lattenbach-creek is located in the 
western part of Tyrol about 80 km west of the 
provincial capital Innsbruck. The Lattenbach-creek 

drains a catchment of about 5.3 km² and is 
characterized by very steep slopes (elevation 
difference between the highest and the lowest point 
of the watershed is more than 2000 m). Abundant 
loose sediment is available for mass wasting 
processes since the watershed is located at the 
transition between the Northern Limestone Alps and 
Crystalline Alp. The Lattenbach has a long history of 
debris flow events dating back to AD 1907, affecting 
the villages Grins and Pians located in the lower 
reaches of the stream. 
 

 

h (cm) 

 t (sec) 
Fig. 6 Roll waves in the experimental flume 
(solid concentration C = 0.12) 

 

Fig. 5 Experimental flume 
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The lower reaches of the creek have been 
modified by mitigation measures to protect the 
villages and the local infrastructure. However, in the 
upper catchment only minor works were carried out 
due to the rather instable conditions. Since 2002 the 
Institute of Mountain Risk Engineering at the 
University of Natural Resources and Life Sciences 
Vienna runs a monitoring station, measuring 
meteorological parameters including precipitation, 
temperature, and humidity, as well as debris flow 

parameters. Over the years the monitoring station 
was constantly modified and improved, a conceptual 
sketch of the current system is displayed in Figure 7. 
It can be seen that the flow depth (ultra-sonic and 
radar sensors) is measured at several locations of the 
channel. Other parameters include ground vibrations 
(geophone), infrasound emissions, and velocity (high 
frequency radar, video recording). 

In the current contribution we report of a debris 
flow event from 2008, which was registered with two 

 
Fig.7 Conceptual sketch of the current monitoring site at Lattenbach creek, Austria, including sensors, 
communication, and energy supply 

 

 

Fig. 8 Debris flow monitoring station at Lattenbach creek, Austria. Flow depth is recorded at two profiles 47 

meters apart. 
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flow depth sensors 1.3 km upstream of the 
confluence with the receiving river Sanna (hm 13.25, 
Fig. 8). 

In total we identified twelve surges (roll waves) 
transiting the channel. The peak flow depth of the roll 
waves varied in the range of 1 to 4 m. Using the 
paired information of flow depth variations from 
sensors 47 m apart we derive mean velocity of the 
waves, which varied in the rage of 3 to 7 m/s. 
Knowing the cross-section, we subsequently inferred 
the discharge. In total around 14,000 m³ of sediment 
and water were transported to the catchment outlet 
(Fig. 9). The material had a d50 of  
8 mm and contained a lot of fine sediment, giving the 
flow event a rather viscous appearance. Details of 
material composition and other events at the 
Lattenbach creek are reported in Huebl & Kaitna 
(2010) and Arai et al. (2013). 
 
8. RESULTS  
 

Experimental and observed results were 
compared with the theoretical predictions based on 
the similarity of surface shape. Our comparison is 
based on two dimensionless length scales, ’ as the 
dimensionless longitudinal distance and ’ as the 
dimensionless flow height. The flow depth increases 
with increasing ’. Initial and boundary conditions 

for equation (46) were set on a periodical rectangular 
flow surface and fixed boundary at the nodes. 
Therefore the experimental results were considered 
with a part of chained surges, not solitary wave, and 
a part of the observation was under the same 
consideration. 

Fig. 10 shows the comparison of a representative 
roll wave from the experiments and the solution of 
the wave equation (37). We see that maximum and 
minimum flow depth fit very well, only in between 
there is a slight overestimation by the model. Fig. 11 
displays the comparison between the first surge 
observed at Lattenbach creek and our wave equation. 
We see a rather satisfying fit between the model and 
the observations. 

Fig. 10 Experimental result and equation (37) 

 
Fig. 9 Debris flow hydrographs registered at the monitoring station on September 08th, 2001 (upper panel) and 
velocity estimation between the two profiles 47 meters apart (lower panel). 

623



 

 

 
 
 
9. CONCLUSIONS  
 

In this contribution a new model to describe the 
shape of debris flow surges is presented. The 
proposed wave equations were derived by combining 
the shallow water momentum equation and a 
perturbation model approach. The model includes a 
dispersion term and a dissipative term. For the velocity 
of a shallow, long wave Burgers equation is used. 
Resulting relations predict the shape of roll waves for 
a given channel inclination and mean flow velocity 
and is independent on the constitutive equation for 
the flowing material. The model predicts a sharp rise 
of the hydrograph and a more gentle decay when 
velocities are high and channel slope gentle. For 
lower velocities and steeper slopes the surges are 
smoother. We additionally present results from 
laboratory experiments in a 56 m long experimental 
flume and from a field observation station in Austria. 

In both cases distinct flow depth fluctuations, which 
were assigned as roll waves or surges, were observed. 
These observations are in rather good agreement with 
the predictions of the new model.  
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Fig. 11 Observed result and equation (37) 
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